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Abstract. Inclusive electron scattering cross-sections in the quasielastic and resonance regions for few GeV
electrons are well represented in terms of scaling functions and scaling variables, the so-called superscaling
analysis (SuSA). The concepts of scaling of the first and second kinds and superscaling are discussed,
as are several mechanisms which are known to yield scaling violations. Given the high quality of scaling
for cross-sections at appropriate kinematics, it is shown how the ideas can be turned around to provide
predictions for both charge-changing and neutral current neutrino reactions with nuclei at comparable

kinematics.

PACS. 23.40.Bw Weak-interaction and lepton (including neutrino) aspects — 24.10.Jv Relativistic models
— 25.30.-c Lepton-induced reactions — 25.30.Fj Inelastic electron scattering to continuum

1 Scaling of the first kind

A basic contention in the present discussions is the follow-
ing: While it may not be sufficient, it is necessary that in
modeling electroweak interactions with nuclei at few GeV
energies a good understanding of existing inclusive elec-
tron scattering data must be reached before one can have
much confidence in predictions of neutrino reactions with
nuclei. Presently, modeling is not completely able to pro-
vide good enough understanding, and consequently other
approaches must also be pursued. In particular, the ap-
proach followed here uses concepts of scaling [1-14] (Oth,
1st and 2nd kinds and superscaling: the superscaling anal-
ysis, SuSA).

For inclusive semi-leptonic electroweak processes, in
addition to the lepton scattering angle, one has energy
transfer w and 3-momentum transfer ¢ (or, equivalently,
Q? and v). First, one replaces w with the scaling vari-
able y = y(q,w), given by the lowest value of the missing
momentum at the lowest missing energy kinematically al-
lowed for semi-inclusive knockout of nucleons from the
nucleus. While an exact formula can be written [1], the
following is a reasonable approximation [2,3] for the y-
scaling variable:

Yy =y(q,w) = Vo@2my +&) —q,
where W = w — E,; with E, the separation energy and
mpy the nucleon mass. This choice is motivated by the
understanding that the main contributions to quasielastic
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(QE) inclusive electroweak cross-sections arise from the
above kinematic region, making y play a special role.

Second, one defines the function

d?0/d.dw

F(q,y) bR
€

)

where the numerator is the double-differential inclusive
electron scattering cross-section and the denominator

eff _ rr—=elastic —elastic
AEeN - Zaep + NUen

is proportional to the effective (i.e., incorporating rela-
tivistic effects; see [2,3]) single-nucleon cross-section with
proton and neutron numbers as weighting factors. Typical
results are shown in fig. 1 (and more may be found in [1]).
As the momentum transfer becomes very large one sees
that the results become independent of ¢ and therefore
F(q,y) tends towards a universal function which depends
only on the scaling variable

F(q,y) = F(y) = F(o0,y);

one calls this behavior scaling of the 1st kind. Note that in
the region above the QE peak (y = 0) where resonances,
meson production and the start of Deep Inelastic Scat-
tering (DIS) enter, 1st-kind scaling is, not unexpectedly,
badly violated.
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Fig. 1. Scaling of the 1st kind in ®Fe. The various data sets
correspond to different beam energies and scattering angles,
and therefore to different values of momentum transfer. The
inset shows the approach to scaling as a function of ¢ at y =
—0.25. See [1] for references to the data.

2 Scaling of the second kind

Next, one introduces a characteristic momentum scale for
a given nuclear species

ka= <k2>A

and uses this to define a dimensionless function

fla,y) =ka - Flq,y).

Correspondingly, one wishes to introduce a dimensionless
scaling variable 1) and then to plot f(q,1) versus v for
fixed kinematics but different nuclear species. The Rela-
tivistic Fermi Gas (RFG) model [4] is used to motivate
the choice of the scaling variable. In the RFG one has

[kA]RFG — kp

and the dimensionless RFG scaling variable is given by

1 A—T

¢:
\/5_F\/(1+A)T+n\/m
~ L [)\\/1+1/T—KZ]
nr
=y/ka,
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Fig. 2. Scaling of the 2nd kind at 3.6 GeV beam energy and
a scattering angle of 16 degrees for nuclei ranging from *He to
197 Au. See [2,3] for references to the data.

where £ = ¢/2mn, A = w/2my, T = |Q?|/4m% = K —

N >0,np = kp/mny ~ 025 and &g = /14192 — 1 =
n%/2 ~ 0.03. In performing detailed analyses of data, the
scaling variable actually used is denoted )’ and has a small
empirical shift in energy loss, Espie, in going from w to
w — FEgpipe in the above expressions.

The results are displayed in fig. 2. In the scaling re-
gion (¢' < 0) a universal behavior is seen, with very little
dependence on the nuclear species; that is, one observes
scaling of the 2nd kind. Again, in the region above ¢’ =0
where resonances, meson production and the start of DIS
enter the 2nd-kind scaling is not as good (see the discus-
sions in sect. 4, however).

3 Superscaling

Although the amount of data separated into longitudi-
nal (L) and transverse (T') responses is small, one can
attempt a scaling analysis with what does exist. The in-
clusive cross-section may be written

d%o

m =0OM [’ULRL(q,CU) + UTRT(q,OJ)] ,

where v, = |Q?/¢*? and vr = %|Q?/¢?| + tan® . /2 are
the usual Rosenbluth factors for inclusive electron scatter-
ing and oy is the Mott cross-section. From the individual
response functions one can define corresponding scaling
functions:

RL,T(qaw)
AE:}:,f] LT /O'M'UL7T

foo(a,y) =ka-Frr(q,y).

)

Frr(g,y) = [

Let us focus on the longitudinal scaling function. In
contrast to the transverse sector, here one does not expect
large contributions from either meson-exchange currents
(MEC) and their associated correlations [6-8] or inelastic
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Fig. 3. Longitudinal scaling function from the analysis in [15],
together with a parametrized fit from [5].
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contributions from pion production and electroproduction
of resonances such as the A (for example, see [9] for further
discussions). Accordingly, the longitudinal scaling func-
tion provides a unique window into the roles played by
the nuclear dynamics, both from initial-state energy and
momentum distributions and from final-state interaction
effects.

What results for the longitudinal scaling function is
shown in fig. 3 where data together with a parametriza-
tion are shown plotted versus the scaling variable (which
is now denoted %5 to emphasize the fact that it builds
in the kinematics of elastic eN scattering, but no inelas-
ticity as in the following section). This is seen to be both
independent of ¢ (scaling of the 1st kind) and also inde-
pendent of nuclear species (scaling of the 2nd kind); that
is, one has superscaling. These phenomenological results
should be compared with the RFG model where the scal-
ing function is given by a parabola which lies in the range
—1 < ¢y < +1 and peaks at the value 0.75. Clearly
the RFG, while roughly correct, is not so in detail: the
peak value is about 25% too high and the scaling function
is symmetrical, whereas the experimental one has a pro-
nounced asymmetry with a tail extending to high-energy
loss (positive scaling variable). In recent modeling this be-
havior has also been observed in some cases [10,11] and
appears to occur only when relatively strong final-state
interactions are present.

Furthermore, in the RFG one has

()9 = ()9 = [1)7¢

which has been called scaling of the 0th kind. Indeed, if it
were not for contributions from resonances, meson produc-
tion and DIS (which should not scale, since they involve
different elementary cross-sections, not elastic e N scatter-
ing, and since the scaling variables constructed above are
appropriate only for QE scattering; see the discussions to
follow), and for effects from MEC and their associated cor-
relations one would expect scaling of the Oth kind to be
found. In recent modeling [10-14] this behavior has been
verified.
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4 Scaling in the resonance region

In recent work [12] the resonance region has been studied
as well as the QE region. First, the QE scaling variable
introduced above must be replaced by a new one when,
instead of eN elastic scattering, one excites the nucleon
to a resonance of mass m.:

1 A — Tp.
Ve [a 4 xpr+ w0t )

where p. = 1+ (m2 — m%)/|Q% > 1 (and p. = 1 for
elastic, i.e., QE, scattering). As above, v, is defined using
the same expression, but with the energy shift Ep;z:.

Second, the fact that the elementary cross-section is
not that of elastic e/N scattering has to be taken into ac-
count. One begins by writing the inclusive cross-section in
the form

= b =

d%o
df2.dw
namely, into a piece that is called quasielastic and is as-
sumed to obey scaling of the Oth kind, plus a piece that

contains the remaining contributions. The QE piece is thus
assumed to be

=39F &',

AEeff
DOF = ﬁ 'fL(l/)égE%

i.e., it employs the longitudinal scaling function for both L
and T contributions to the cross-section. The remainder,
X'  should then contain (at least) the contributions from
inelastic eN scattering and MEC+-correlation effects.

As a first approximation in [12] it was assumed that
the dominant effect in the 1 GeV regime is from electroex-
citation of the A, and that MEC+-correlation effects, while
not absent, are corrections to this. One then proceeds as
follows: first, the QE contribution (called [£9F],,,;, since
the experimental scaling function was used) is subtracted
from the total experimental cross-section to isolate the
remainder:

d%c
! — _ QE
[E ]ezpt [d()edw] capt [E :| expt ’

Second, following the approach pursued in [12], one makes
the assumption that the next most important contribution
in this range of kinematics arises from electroproduction
of the A. Of course this is only a rough approximation,
since non-resonant pion production, the tails of other res-
onances or, alternatively, contributions from DIS are not
totally absent; likewise MEC effects with their associated
correlations can also play a role. However, the A is cer-
tainly important and, accordingly, the analysis proceeded
by invoking dominance of this mode, implying that the re-
mainder is to be divided by the effective N — A electron
scattering cross-section to define a new function

[El]ezpt

Az

F2(q,y)
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Fig. 4. Scaling in the resonance region (see text for discussion).
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Fig. 5. Inclusive electron scattering from '2C at beam energy
1.5 GeV and scattering angle 13.5 degrees, together with the re-
sults of using the phenomenological scaling functions discussed
in the text.

where

eff _ rr—inelastic —inelastic
AENA_ZUp%A"' +N0—n—>A° .

As before, a dimensionless scaling function may also be

defined:
fA(qay) = kA : FA(qay) .

The results are then plotted in fig. 4 as a function of
an inelastic scaling variable which in this initial analysis
has been constructed using the centroid mass of the A,
also an approximation:

Yy =Y, (me = ma).

Rather good scaling behavior is observed in the region
below the A peak where 9/, = 0, although, as expected,
not at higher-energy loss where higher-lying resonances,
DIS, etc., take over. In the region below the A peak there
is some residual which is presumably at least partially due
to effects from MEC and their associated correlations.
This means that one should have a reasonable repre-
sentation of the total inclusive electron scattering cross-
section for the 1 GeV energy regime for energies ranging
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Fig. 6. As for the previous figure, but now at beam energy
1.3 GeV and scattering angle 37.5 degrees.

from below the QE peak (typically around ¢y, ~ —1 in
fig. 4) up through the peak of the A. To test this one can
reassemble the complete inclusive cross-section using the
QE and A scaling functions with their attendant single-
baryon cross-sections. Typical results are shown in figs. 5
and 6. Clearly, one has a rather successful understanding
of the EM inclusive cross-section for this range of kine-
matics, leaving a residual typically of perhaps 10-15% to
be accounted for by effects likely from MEC and their
associated correlations.

5 Neutrino-nuclear cross-sections

Just as for the electron scattering reactions in the QE
and A regions, the scaling functions determined above
are employed, but now multiplied by the corresponding
charge-changing (CC) neutrino reaction cross-sections for
the Z protons and N neutrons in the nucleus. The CCv
cross-section may be written:

d?o
— " | =—s0R
[d()kk,dk’]x 70
where o o2
92
0o = % [k' cosHkk/}

is the elementary cross-section (the analog of the Mott
cross-section in sect. 3) containing the Cabibbo angle 6.,
the charged lepton momentum %’ and an effective scatter-
ing angle 6y defined via

20 — |Q2|
tan” O = dee — |07 ,
where € and € are the incident neutrino and final-state
charged lepton energies, respectively. The subscript x =
+(—) labels the specific case, i.e., neutrinos (antineutri-
nos). The response function above may be decomposed
into individual angle-independent responses, just as when
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Fig. 7. Charge-changing muon neutrino cross-sections at neu-
trino energy k = 1GeV and scattering angle 45 degrees. The
right-hand peaks are from QE contributions while the left-hand
ones are from the A. The upper curves are obtained using the
RFG, while the lower ones are using the phenomenological scal-
ing analysis.

discussing inclusive electron scattering. This time, since
there is a vector (V') /axial-vector (A) parity-violating in-
terference and since the axial-vector current is not con-
served, one has more terms:

R, = [VCCRCC +2VorLRorL + ViR + Ve Ry

+X [VT’RT’] )

where Rx = R}V + RIA(A for K = CC, CL, LL, T and
RYA for K = T'. The various contributions are labeled
with C for charge, L for longitudinal and T or T for the
two types of transverse responses which can enter. The
kinematic factors Vi are generalizations of the familiar
Rosenbluth factors given in sect. 3 which account for the
finite mass of the charged lepton (see [12] for specifics).
For charge-changing muon neutrino processes in the QE
region one has the elementary reactions v, +n — p+p~
and 7, + p = n + pt, while in the A region one has
Vptp = AT T vt 5 AT+ v+ p = A%t
and 7, +n — A™ 4+ put.

Typical results are shown in fig. 7. The two peaks are
from QE (right) and A (left) regions, with the higher-
lying curves for the RFG and the lower-lying from the
phenomenological scaling analyses. Clearly, there are sig-
nificant differences and, while providing a rough measure
of the electroweak responses, the RFG results are higher
and more localized than the SuSA results. Although not
shown here, it should be noted that non-relativistic ap-
proximations to the kinematics and electroweak currents
yield cross-sections that are even further from the SuSA
curves in fig. 7.
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6 Conclusions and discussion

Several conclusions emerge from the SuSA approach pre-
sented here:

— Scaling of the 1st and 2nd kinds for inclusive electron
scattering appears to be well satisfied at the QE peak
and below (the scaling region); the region above the
QE peak clearly has contributions which do not scale,
at least in the same way as the QE cross-sections do.
These scaling violations are at least partially due to
inelastic processes such as electroexcitation of the A.

— For the longitudinal response superscaling is observed,
as expected, since this response sector has only rela-
tively small contributions from A production and from
MEC effects.

— In recent work [12] these ideas have been extended into
the A region. In that approach the QE contributions
were subtracted and the remainder analyzed in terms
of a A-dominated scaling function and scaling variable;
again good scaling is seen.

— The SuSA approach has been used to make predictions
for charge-changing neutrino reactions in the few GeV
energy region. Significant differences are observed with
respect to conventional RFG modeling.

In on-going studies the scaling ideas are being ex-
tended in several ways:

— A relativized shell model study of neutrino reac-
tions was undertaken [13], yielding successful scaling
behavior.

— A relativistic impulse approximation study of the su-
perscaling function was undertaken in [10,11]. What
was found is that the universal superscaling function
arises naturally from relativistic mean-field modeling,
although not from the relativistic plane-wave impulsive
approximation (RPWIA) or from modeling which em-
ploys the real parts of conventional optical potentials.

— 1p-1h MEC/correlation effects have been explored in
detail in [6], while 2p-2h MEC/correlation effects are
presently being incorporated in relativistic modeling
of EW processes [7,8]. Although the latter study has
not yet been fully executed, the expectation is that
10-15% of the transverse EM response in the region
between the QE peak and the A peak could be due
to such effects. These contributions enter as scaling
violating effects. One should also note an asymmetric
feature of the MEC effects: in the transverse contribu-
tions, which are dominant for neutrino reactions in the
1 GeV energy regime, the MEC contribute to the vec-
tor current, but not in leading order to the axial-vector
current. Hence, it is necessary to understand such ef-
fects when attempting to model the neutrino reaction
cross-sections to better than 10-15%.

— Extensions to neutral-current (NC) neutrino scattering
in the QE region (u-channel inclusive versus t-channel
inclusive) have been undertaken [14]. Further exten-
sions to include NC processes in the A region are being
contemplated, as are both CCr and NCv reactions at
higher inelasticity than the A region.
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